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Abstract – Track-to-track fusion aims at combining lo-
cally preprocessed information of individual sensors opti-
mally, i.e. in a way that is equivalent to fusing all mea-
surements of all sensors directly. It is well known that
this can be achieved if the local sensor tracks produced at
all individual scan times are available in the fusion center.
Full-rate communication in this sense, however, is imprac-
tical in certain applications. In [1] W. Koch thus proposes
a distributed Kalman-type processing scheme, which pro-
vides optimal track-to-track fusion results atarbitrarily cho-
sen instants of time by communicating and combining the
local sensor ‘tracks’ referring to this time. However, this
scheme needs an exchange of sensor data for the track pre-
diction and retrodiction, if the number of sensors exceeds
two. Therefore, we present an improvement, which extends
the algorithm to arbitrary sensor count.

Keywords: track-to-track fusion, distributed Kalman filter-
ing, distributed retrodiction, reduced-rate communication

1 Introduction
Practical needs as well as the rapid development of infor-

mation and communications technology are driving factors
of ever increasing networks of surveillance sensors. To a
degree never known before, decision makers have access to
vast amounts of sensor data. To use this information po-
tential appropriately, the data streams must not overwhelm
the human beings involved. On the contrary, the data are to
be condensed (“fused”) in such a way that high-quality in-
formation results, serving as a basis for decision support in
many applications.

Among the products of sensor data fusion, so-called
‘tracks’ are of particular importance. Tracks represent the
available knowledge on relevant, time varying state quanti-
ties of individual targets. Quantitative measures describing
the quality of this knowledge are part of the tracks. The in-
formation obtained by ‘tracking’ algorithms [2, 5, 15] also
includes the history of the targets. If possible, a one-to-one
association between the targets in the sensors’ field of view
and the produced tracks is to be established and has to be

preserved as long as possible (track continuity). The achiev-
able track quality does not only depend on the performance
of the sensors used, but also on the target properties and the
operational conditions within the scenario to be observed.

1.1 Bayesian Target Tracking
Let all time-varying target properties of interest at a given

time tk be collected by a state vectorxk at timetk, whose
temporal evolution is modeled by a Markovian transition
densityp(xk|xk−1). For the sake of simplicity, we here
assume conditions where standard Kalman filtering is ap-
plicable, i.e. in the case of well-separated targets, assum-
ing perfect detection, and in absence of false measurements.
For notational simplicity let us assumeS synchronized sen-
sors produce measurements at the same instants of timetl,
l = 1, . . . , k denoted byZl = {zs

l }
S
s=1. The proposed

methodology can be directly extended to asynchronous sen-
sors.

The accumulation of the sensor dataZl up to and includ-
ing the timetk, typically the present time, is a time series
recursively defined byZk = {Zk, Zk−1}. The time se-
ries produced by the measurements of the individual sensor
s = 1, . . . , S only is denoted byZk

s . The statistical proper-
ties of an individual sensor measurementzs

l is described by
a probability density functionp(zs

l |xl), also called individ-
ual sensor likelihood function, which needs to be known up
to a constant factor only:p(zs

l |xl) ∝ ℓs
l (xl; z

s
l ).

A Bayesian tracking algorithm is an iterative updat-
ing scheme for conditional probability density functions
p(xl|Z

k) representing all available knowledge on the state
vectorsxl of the targets of interest at discrete instants of
time tl. Depending on the timetl at which estimates for the
state vectorsxl are required, the related estimation process
is referred to as prediction (tl > tk), filtering (tl = tk), or
retrodiction (tl < tk) [9, 12, 13]. We refer top(xk|Zk) also
as to the ‘track’ of the target at timetk. Schematically, the
iterative calculation can be illustrated by:

Prediction:

p(xk−1|Z
k−1)

dynamics
−−−−−→

model
p(xk|Z

k−1) (1)



Filtering:

p(xk|Z
k−1)

current dataZk−−−−−−−−→
sensor model

p(xk|Z
k) (2)

Retrodiction:

p(xl−1|Z
k)

filtering output
←−−−−−−−−−

dynamics model
p(xl|Z

k). (3)

The conditional probability densitiesp(xi|Z
k
s ) denote the

local predictions, tracks, and retrodictions based on mea-
surements of sensors = 1, . . . , S alone.

1.2 Optimal Track-to-track Fusion
In certain applications, decentralized track-to-track fusion

(see e.g. [6–8, 14, 16]) has considerable advantages: Firstly,
the communication channels are less overloaded with false
tracks suppressed by local data processing. Secondly, we
may profit from reduced sensibility to sensor registration er-
rors as local tracking is inherently robust regarding theseef-
fects. Thirdly, disturbances of individual sensor sites and
their corresponding local processors do not lead to the loss
of the total system function.

Disadvantages result from suboptimal performance with
respect to reaction time, track quality, lacking profit from
redundancy, and the lower data rate for sensor individual
tracking affecting track initiation, e.g. Moreover, track-to-
track fusion is critical if active and passive sensor data have
to be fused (e.g. plots and bearings), as the sensor individ-
ual production of tracks may be difficult in non-trivial situa-
tions.

We speak ofoptimal track-to-track fusion in a Bayesian
sense if the conditional probability density functions
p(xk|Z

k) = p(xk|{Z
k
s }

S
s=1), conditioned by all measure-

ments of all sensors, can be correctly reconstructed from the
locally produced tracksp(xk|Z

k
s ), obtained by processing

the data of the sensorss = 1, . . . , S individually:

{p(xl|Z
l
s)}

S,k
s,l=1

track-to-track
−−−−−−−→

fusion
p(xk|{Z

k
s }

S
s=1). (4)

It is well-known that this reconstruction is possible if the
local tracks produced at all instants of timetl, l = 1, . . . , k
of all sensors are available in the fusion center [3]. This can
easily be seen by considering the joint probability density:

p(Zs
k,xk|Z

k−1
s ) = p(xk|Z

k
s ) p(Zs

k|Z
k−1
s ) (5)

= p(Zs
k|xk) p(xk|Z

k−1
s ), (6)

which allows the representation of the local likelihood func-
tion p(Zs

k|xk) ∝ ℓs
k(xk;Zs

k) of the sensors at each timetk
by the results of prediction and filtering up to a factor inde-
pendent of the target state:

ℓs
k(xk;Zs

k) ∝
p(xk|Z

k
s )

p(xk|Z
k−1
s )

. (7)

Under the conditions where Kalman filtering is applicable,
(7) is a quotient of Gaußians, which can be calculated up to

a factor independent ofxk according to a product formula
for Gaußians (see appendix, (94), 2nd version):

ℓs
k(xk; zs

k) ∝
N
(
xk; xs

k|k, Ps
k|k

)

N
(
xk; xs

k|k−1
, Ps

k|k−1

) (8)

∝ N
(
xk; x∗s

k|k, P∗s
k|k

)
(9)

with an expectation vectorx∗s
k|k and a covariance matrix

P∗s
k|k given by:

P∗s −1

k|k−1
= Ps −1

k|k −Ps −1

k|k−1
(10)

x∗s
k|k−1 = P∗s

k|k

(
Ps −1

k|k xs
k|k −Ps −1

k|k−1
xs

k|k−1

)
. (11)

This representation of the local likelihood function
ℓs
k(xk; zs

k) has also been called a ‘tracklet’ according to
G. Frenkel (see e.g. [10]).

Along this line of argumentation and with a repeated use
of the product formula, the joint likelihood function of the
measurements ofS independent sensors producing data at
the same timetk can be written as:

ℓk(xk;Zk) =

S∏

s=1

ℓs
k(xk; zs

k) (12)

∝
S∏

s=1

N
(
x∗s

k|k−1; xk, P∗s
k|k−1

)
(13)

∝ N
(
xk; x∗

k|k−1, P∗
k|k−1

)
(14)

with x∗
k|k andP∗

k|k given by

P∗ −1

k|k−1
=

S∑

s=1

(
Ps −1

k|k −Ps −1

k|k−1

)
(15)

x∗
k|k−1 = P∗

k|k−1

S∑

s=1

(
Ps −1

k|k xs
k|k −Ps −1

k|k−1
xs

k|k−1

)
.

(16)

With this representation of the joint likelihood function
ℓk(xk;Zk) built up by using the local sensor tracks, for-
mulae for optimal track-to-track fusion directly result from
Bayes’ rule and the product formula (94):

p(xk|Z
k) =

ℓk(xk;Zk) p(xk|Z
k−1)

∫
dxk ℓk(xk;Zk) p(xk|Zk−1)

(17)

= N
(
xk; xk|k, Pk|k

)
(18)

with xk|k andPk|k given by

P−1

k|k = P−1

k|k−1
+ P∗ −1

k|k−1
(19)

xk|k = P−1

k|k

(
P−1

k|k−1
xk|k−1 + P∗ −1

k|k−1
x∗

k|k−1

)
. (20)

1.3 Arbitrary Communication Rate Fusion
In many applications, the full communication of all lo-

cal sensor tracks produced at all scan times of the individual



sensors and fusing them as previously sketched is impracti-
cal. We therefore propose a distributed Kalman-type pro-
cessing scheme which provides optimal track-to-track fu-
sion results at anarbitrarily choseninstant of time by com-
municating the local sensor tracks referring to this time only
and fusing them in the fusion center. Then, the obtained
global state is optimal in sense of the expected estimation
error and equivalent to an imaginary Kalman filter receiving
all available measurements from all sensors every time.

More concretely speaking, we derive fusion formulas to
correctly reconstruct the probability densitiesp(xl|Zk) for
an arbitrary instant of timetl from local state estimatesxs

l|k,
s = 1, . . . , S, which are calculated by processing data from
sensors only:

{xs
l|k}

S
s=1

track-to-track
−−−−−−−→

fusion
p(xl|{Z

k
s }

S
s=1). (21)

For the sake of notational simplicity, let all sensors be
equally aligned and synchronized with the same data update
rate. These assumptions, however, are not essential and can
well be relaxed. We furthermore assume that the measure-
ment error covariance matrices of all individual sensors are
known for the local and processors (e.g. the sensor-specific
standard deviations of range and azimuth measurementsσs

r ,
σs

ϕ). The detection probability is assumed to be one. If miss-
ing detections have to be taken into account, detection and
non-detection flags have to be communicated with the vec-
torsxs

l|k as well (i.e. a few additional bits).
In calculating the local tracksxs

l|k the filtering update
with the local sensor data is identical with the standard
Kalman filtering update step, while the prediction and the
retrodiction steps are to be modified in order to be able to
reconstructp(xl|{Z

k
s }

S
s=1) after fusing them according to

(30). This subject matter is exactly the same as in [1]. In
contrast to it, the normalizing functions we use in this paper
(e.g. at (56) and (85)) do not depend on the state variable.
This can only be achieved by updating the local tracksxs

l|k

using the global covariancePl|k at each sensor node. In
consequence, these are not identical with the results of local
Kalman filtering, thus local optimality suffers for global op-
timality. Details and reasoning are given in section 3 and 5.
In case of these functions being dependent on the state, it is
necessary to calculate them in order to reconstruct the cor-
rect global trackxl|k. By a closer look at the equations in [1,
section III-C] one can see that the measurements of several
sensors are required for this purpose. Therefore, we did
some further investigations in order to overcome this prob-
lem. Note that the special case of two sensors (i.e.S = 2),
which is discussed in [1, section III-A] and evaluated in [1,
section VI] works fine without exchanging data messages
between the sensors. This becomes clear by (57) and (89) in
the sections below.

The proposed distributed Kalman-type processing
scheme essentially makes use of the fact that the sensor
measurements donot enter into the update equation for
the estimation error covariance matrices. This means in
particular that the covariance matrices ofall sensors can be

calculated at each individual sensor site without any further
need of communication (given the relevant parameters of all
sensors are known at each sensor site). A consequence of
this fact is, however, that the proposed optimal processing
scheme cannot directly be generalized to IMM- or PDA-
type tracking, where the covariance matrices are explicitly
data-dependent.

2 Statement of the Problem
Let us considerprobability density functionsp(xl|Z

k)
that are proportional to aproductof S Gaussians:

p(xl|Z
k) = cl|k

S∏

s=1

N
(
xl; xs

l|k, Ps
l|k

)
, (22)

whereZk = {Zk
s }

S
s=1 is the set of all measurements from

all sensors. The normalizing constantcl|k directly results
from a repeated use of the product formula for Gaussians
(94):

c−1

l|k =

S∏

s=1

∫

dxl N
(
xl; xs

l|k, Ps
l|k

)
(23)

=

S−1∏

s=1

N
(
x∗s

l|k; xs+1

l|k , P∗s
l|k + Ps+1

l|k

)
, (24)

where the parametersx∗s
l|k andP∗s

l|k are given by

P∗s −1

l|k =
s−1∑

i=1

Pi −1

l|k (25)

x∗s
l|k = P∗s −1

l|k

s−1∑

i=1

Pi −1

l|k xi
l|k. (26)

In the sequel, as well as in most applications, it is unneces-
sary to calculate the normalization constantcl|k explicitly.

By virtue of the same product formula, probability den-
sities defined by Gaussian products as in (22) can be trans-
formed into a single Gaussian:

p(xl|Z
k) = cl|k

S∏

s=1

N
(
xl; xs

l|k, Ps
l|k

)
(27)

= N
(
xl; xl|k, Pl|k

)
, (28)

with an expectation vectorxl|k and a covariance matrixPl|k

obtained by ‘fusing’xs
l|k andPs

l|k, s = 1, . . . , S according
to the formulae:

P−1

l|k =

S∑

s=1

Ps −1

l|k (29)

xl|k = Pl|k

(
S∑

s=1

Ps −1

l|k xs
l|k

)
. (30)

‘Convex combinations’ of this type are fundamental in al-
most all data fusion applications (see e.g. [14, Chapter 12]).



However, the challenge is to keep the product representa-
tion of (22) during the prediction and retrodiction step of the
locals data processing. These involve the Markovian transi-
tion densityp(xk|xk−1), which describes the same stochas-
tic process for every local track. This leads cross correla-
tions between the tracks which prevents a product represen-
tation as in (22). Therefore, we have to alter its utilization
such that it is used in a more global way. As previously
stated, under conditions where Kalman filtering is appropri-
ate for tracking, the covariance matricesPs

l|k can be calcu-
lated locally for all sensors without exchanging sensor data,
provided the measurement error covariance matrices of each
individual sensor are known. This enables us to let each
node work with theglobal covariancẽPl|k.

The proof of the proposed methodology is organized as
follows. As we assume the sensors to be synchronized, it
suffices to show the product representation is valid after ev-
ery update step. To this end, we state an induction argument,
which starts with the initialization of the distributed Kalman
filters. This has to be done such that a product representa-
tion of p(x1|Z

1) is equivalent to a single Gaussian repre-
sentation. For the latter, one might choose theOne-Point-
Initialization (OPI) [2], which is given by an initial igno-
rance covarianceP1|0 and an initial measurement. While
P1|0 is usually part of the modeling assumption, we take
e.g.z1

1 in order to start the initialization ofx1. All other
measurementsz2

1, . . . , z
S
1 enter into the initial density ac-

cording to the standard filtering equations:

x1|1 = P1|1

S∑

s=1

H̃s⊤R̃s −1z̃s
1 (31)

P1|1 =

(
S∑

s=1

H̃s⊤R̃s −1H̃s

)−1

(32)

R̃s =







(

H1⊤R1 −1H1 + P−1

1|0

)−1

, if s = 1

Rs, else,
(33)

H̃s =

{

1x, if s = 1

Hs, else,
(34)

z̃s
1 =

{

H1⊤z1
1, if s = 1

zs
1, else,

(35)

which finally gives us the optimal OPI under consideration
of all first measurementsZ1:

p(x1|Z
1) = N

(
x1; x1|1, P1|1

)
(36)

It can easily be seen that this Gaussian density is propor-
tional to the following product representation

p(x1|Z
1) ∝

S∏

s=1

N
(
x1; xs

1|1, Ps
1|1

)
, (37)

where the distributed parametersxs
1|1 andPs

1|1 are given by

xs
1|1 = P1|1H̃

s⊤R̃s −1z̃s
1 (38)

Ps
1|1 = SP1|1. (39)

The following section now presents the distributed pre-
diction step which is the tricky part as we described above.
Then, in section 4 the processing of measurements in the
distributed scheme is described.

3 Distributed Track Prediction
Due to the induction assumption we start with a product

representation at timetk−1 wherek − 1 ≥ 0:

p(xk−1|Z
k−1) ∝

S∏

s=1

N
(
xk−1; xs

k−1|k−1, Ps
k−1|k−1

)

(40)

This density can be rewritten in the following way.

p(xk−1|Z
k−1) ∝

S∏

s=1

N
(
xk−1; xs

k−1|k−1, Ps
k−1|k−1

)

(41)

= N
(
xk−1;

1

S

S∑

s=1

xs
k−1|k−1, Pk−1|k−1

)
,

(42)

=

S∏

s=1

N
(
xk−1; xs

k−1|k−1, SPk−1|k−1

)
,

(43)

where the parametersxs
k−1|k−1 and the global filtering co-

variancePk−1|k−1 are given by:

xs
k−1|k−1 = SPk−1|k−1P

s −1

k−1|k−1
xs

k−1|k−1 (44)

Pk−1|k−1 =

(
S∑

s=1

Ps −1

k−1|k−1

)−1

. (45)

If we now use the fact that

p(xk|xk−1) = N
(
xk; Fk|k−1xk−1, Dk|k−1

)
(46)

∝ N
(
xk; Fk|k−1xk−1, SDk|k−1

)S
, (47)

this enables us to express the prediction density as

p(xk|Z
k−1) =

∫

dxk−1 p(xk|xk−1) p(xk−1|Z
k−1)

∝

∫

dxk−1

S∏

s=1

N
(
xk; Fk|k−1xk−1, SDk|k−1

)
·

N
(
xk−1; xs

k−1|k−1, SPk−1|k−1

)
. (48)

A repeated use of the product formula for Gaussians now
yields

p(xk|Z
k−1) ∝

∫

dxk−1

S∏

s=1

N
(
xk; x̃s

k|k−1, P̃k|k−1

)
·

N
(
xk−1; W̃k−1xk + z̃s

k−1, R̃k−1

)
, (49)



where the following abbreviations were used:

x̃s
k|k−1 = Fk|k−1x

s
k−1|k−1 (50)

P̃k|k−1 = S
(

Fk|k−1Pk−1|k−1F
T
k|k−1 + Dk|k−1

)

(51)

z̃s
k−1 = xs

k−1|k−1 − W̃k−1x̃
s
k|k−1 (52)

W̃k−1 = SPk−1|k−1F
T
k|k−1R̃

−1

k−1
. (53)

R̃k−1 = SPk−1|k−1 − W̃k−1P̃k|k−1W̃
T
k−1 (54)

A bit literally speaking we might say thatPk−1|k−1 is the
global filtering covariance, whilẽPk|k−1 may be seen as the
global prediction covariance. This equation can be written
as

p(xk|Z
k−1) = ℓk|k−1

S∏

s=1

N
(
xk; x̃s

k|k−1, P̃k|k−1

)
(55)

by introducing the functionℓk|k−1 defined by

ℓk|k−1 =

∫

dxk−1

S∏

s=1

N
(
xk−1 − W̃k−1xk; z̃s

k−1, R̃k−1

)
(56)

Applying the formula (94) along the product withinlk|k−1

yields

ℓk|k−1 =

S−1∏

s=1

N
(
z̃s+1

k−1
;

1

s

s∑

i=1

z̃i
k−1,

(

1 +
1

s

)

R̃k−1

)

·

∫

dxk−1N
(
xk−1 − W̃k−1xk;

1

S

S∑

i=1

z̃i
k−1,

1

S
R̃k−1

)

︸ ︷︷ ︸

=1, independent fromxk!

(57)

Thus, the functionℓk|k−1 is independent fromxk and we
obtain the desired product representation:

p(xk|Z
k−1) ∝

S∏

s=1

N
(
xk; x̃s

k|k−1, P̃k|k−1

)
(58)

4 Distributed Track Filtering
In this section, we estimate the posterior density

p(xk|Z
k) which additionally involves the set of measure-

mentsZk = {zs
k}s=1,...,S from all sensors at timetk. To

this end, it is important to notice that the sensors act inde-
pendently from each other:

p(Zk|xk) ∝
S∏

s=1

p(zs
k|xk), (59)

where p(zs
k|xk) = N

(
zs

k; Hs
kxk, Rs

k

)
is the likelihood

function of sensors. By a use of the Bayes’ rule, we ob-
tain

p(xk|Z
k) =

p(Zk|xk) p(xk|Zk−1)
∫

dxk p(Zk|xk) p(xk|Zk−1)
. (60)

We can now fill in the prediction (58) and the likelihood
function (59) and then have

p(xk|Z
k) ∝

S∏

s=1

N
(
zs

k; Hs
kxk, Rs

k

)
·

N
(
xk; x̃s

k|k−1, P̃k|k−1

)
. (61)

A final use of the product formula now yields the product
representation for the filtering update:

p(xk|Z
k) ∝

S∏

s=1

N
(
xk; xs

k|k, Ps
k|k

)
, (62)

where the following abbreviations in analogy to the Kalman
equations were used:

xs
k|k = x̃s

k|k−1 + Ws
k|k−1

(

zs
k −Hs

kx̃
s
k|k−1

)

(63)

Ws
k|k−1 = P̃k|k−1H

s T
k Ss −1

k|k−1
(64)

Ss
k|k−1 = Hs

kP̃k|k−1H
s T
k + Rs

k (65)

Ps
k|k = P̃k|k−1 −Ws

k|k−1S
s
k|k−1W

s T
k|k−1. (66)

5 Distributed Retrodiction Update
Essentially the same considerations are valid for dis-

tributed retrodiction, i.e. if for the retrodicted probability
densityp(xl|Z

k) a Gaussian product representation exists,

p(xl|Z
k) ∝

S∏

s=1

N
(
xl; xs

l|k, Ps
l|k

)
, l < k, (67)

where the retrodicted local state estimatesxs
l|k can be cal-

culated by processing the measurements of sensors only.
To this end, we assume such a representation for stepl + 1,
wherel + 1 ≤ k and derive it for stepl.

At first, standard probability reasoning yields:

p(xl|Z
k) =

∫

dxl+1 p(xl,xl+1|Z
k) (68)

=

∫

dxl+1 p(xl|xl+1,Z
k) p(xl+1|Z

k) (69)

For the integration kernelp(xl|xl+1,Z
k) we obtain after ap-

plying Bayes’ rule:

p(xl|xl+1,Z
k) = p(xl|xl+1,Z

l) (70)

=
p(xl+1|xl) p(xl|Z

l)
∫

dxl p(xl+1|xl) p(xl|Z l)
(71)

As in section 3, we rewrite the densityp(xl|Z
l). Because of

section 4, a product representation for may be assumed for



it. Therefore, by the product formula it holds

p(xl|Z
l) ∝

S∏

s=1

N
(
xl; xs

l|l, Ps
l|l

)
(72)

∝ N
(
xl;

1

S

S∑

s=1

xs
l|l, Pl|l

)
(73)

=

S∏

s=1

N
(
xl; xs

l|l, SPl|l

)
, (74)

where we used the following abbreviations:

xs
l|l = SPl|lP

s −1

l|l xs
l|l (75)

Pl|l =

(
S∑

s=1

Ps −1

l|l

)−1

. (76)

In the same way, we modify the product representation for
time tl+1, which then looks like

p(xl+1|Z
k) ∝

S∏

s=1

N
(
xl+1; xs

l+1|k, SPl+1|k

)
. (77)

Now, we insert (76) into (71). This enables us to apply the
product formula again:

p(xl|xl+1,Z
l) ∝

S∏

s=1

N
(
xl; xs

l|l, SPl|l

)

· N
(
xl+1; Fl+1|lxl, SDl+1|l

)
(78)

∝ N
(
xl; hs

l|l(xl+1), Rl|l

)
(79)

by using the abbreviations:

hs
l|l(xl+1) = xs

l|l + Wl|l+1

(

xl+1 − x̃s
l+1|l

)

(80)

Rl|l = S
(

Pl|l −Wl|l+1Pl+1|lW
⊤

l|l+1

)

(81)

Wl|l+1 = SPl|lF
⊤
l+1|lPl+1|l (82)

Insertingp(xl|xl+1,Zk) into (69) and applying the product
formula once again yields

p(xl|Z
k) ∝ ℓl|l+1

S∏

s=1

N
(
xl; x̃s

l|k, P̃l|k

)
, (83)

where parameters̃xs
l|k, P̃l|k are given by the slightly var-

ied Rauch-Tung-Striebel update equations [11] for Kalman
retrodiction

x̃s
l|k = xs

l|l + Wl|l+1(x
s
l+1|k − x̃s

l+1|l) (84)

P̃l|k = S
(

Pl|l + Wl|l+1(Pl+1|k −Pl+1|l)W
s⊤

l|l+1

)

and a normalizing functionℓl|k, which is defined by:

ℓl|k(xl) =

∫

dxl+1

S∏

s=1

N
(
xl+1 −Vl|l+1xl; ys

l|l+1, Yl|l+1

)
(85)

with the abbreviations:

ys
l|l+1 = xs

l+1|k −Vl|l+1x̃
s
l|k (86)

Yl|l+1 = S
(

Pl+1|k −Vl|l+1P̃l|kV
⊤
l|l+1

)

(87)

Vl|l+1 = SPl+1|kW
⊤

l|l+1P̃
−1

l|k . (88)

If we use the product formula along the terms inℓl|k, we
obtain

ℓl|k =

S−1∏

s=1

N
(
ys+1

l|l+1
;

1

s

s∑

i=1

yi
l|l+1, (1 +

1

s
)Yl|l+1

)

∫

dxl+1N
(
xl+1 −Vl|l+1xl;

1

S

S∑

i=1

yi
l|l+1,

1

S
Yl|l+1

)
.

(89)

As in section 3, the integration term becomes trivial, as it is
over a single Gaussian distribution. Therefore, the normal-
izing functionℓl|k does not depend onxl and we have

p(xl|Z
k) ∝

S∏

s=1

N
(
xl; x̃s

l|k, P̃l|k

)
. (90)

6 Evaluation
This section presents simulation results, which verify the

equivalence of the presented distributed scheme to a central
Kalman filter receiving all measurements. Note that if all in-
volved sensors are of the same type, i.e.H1 = . . . = HS =:
H andR1 = . . . = RS =: R, the distributed prediction and
retrodiction is almost identical with the central scheme:

xs
k−1|k−1 = xs

k−1|k−1 (91)

Pk−1|k−1 =
1

S
Ps

k−1|k−1. (92)

Thus, both schemes are identical except for the distributed
nodes use a ‘relaxed’ evolution model given by the transition
density

p(xk|xk−1) = N
(
xk; Fk|k−1xk−1, SDk|k−1

)
. (93)

Therefore, we chose a simulation scenario, which uti-
lizes ten virtual sensors observing the same object mov-
ing around. The quality of the sensors varies with the
simulated normal distributed errorRs = λ · 1z, where
λ = 50, 100, . . . , 500 and1z the identity matrix in the di-
mension of the position measurementszk. Each sensor is
a fusion node, i.e. processes locally its own measurements
in the way described above. As the presented scheme for
distributed Kalman filtering does not use any approxima-
tions, we expect the results to match an optimal Kalman
filter, which receives all data immediately. Therefore, we
compare such an optimal Kalman filter to the presented dis-
tributed scheme at each step. In figure 1, the distance be-
tween the tracks of both algorithms is shown. An increase
of the distance can be observed. This is due to rounding er-
rors in the numerical function for inverting matrices of the
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Figure 1: Distance of the distributed track to an optimal
Kalman track

simulation environment. As such an error is additive, the
distance increases over time. Of course, it can be neglected
as the accumulated error in the distance is about1.6 ·10−8m

in the maximum. Therefore, the tracks of both algorithms go
together. The mentioned rounding error has the same effect
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Figure 2: Distance of the covariances in the matrix-2-norm
for standard Kalman filter and distributed Kalman filter

on the covariance matrices. As both algorithms are equiv-
alent, we also expect the corresponding global covariance
matrices to be the same at each step. In figure 2 the dif-
ference between both in the matrix-2-norm is shown. As
one can see, the curve is quite similar to the difference in
both tracks (see figure 1). The maximum difference is about
1.6 · 10−9, therefore one might say the error covariance ma-
trices are identical for both algorithms in terms of numerical
precision. However, this reasoning is confirmed by a use of
theJoseph form, see (99) in the appendix, in both, the opti-
mal filter and the distributed scheme. This form is less prone
to numerical errors, which leads to a difference in track and
covariance of both algorithms at a constantly low level. This

Figure 3: Mean Squared Error (MSE) of both algorithms for
different configuration runs
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Figure 4: Difference of covariance and track when using the
Joseph form

is depicted in figure 4. In order to show this is true for differ-
ent configurations, we simulated a series of different covari-
ancesDk|k−1 with multiple Monte-Carlo runs each. Figure
3 shows the Mean-Squared-Error (MSE) of both algorithms
in these scenarios. It is obvious that the MSEs coincide.

Appendix
Product formula

For matrices of suitable dimensions the following formula
for products of Gaussians holds:

N
(
z; Hx, R

)
N
(
x; y, P

)
=

N
(
z; Hy, S

)

{

N
(
x; y + Wν, P−WSW⊤

)

N
(
x; Q(P−1y + H⊤R−1z), Q

)

(94)



with the following abbreviations:

ν = z−Hy (95)

S = HPH⊤ + R (96)

W = PH⊤S−1 (97)

Q−1 = P−1 + H⊤R−1H. (98)

Sketch of a proof: InterpretN
(
z; Hx, R

)
N
(
x; y, P

)
as

a joint densityp(z,x) = p(z|x)p(x). It can be written as a
Gaussian, from which the marginal and conditional densities
p(z), p(x|z) can be derived. In the calculations we make use
of known formulae for the inverse of a partitioned matrix
(see [2, p. 22], e.g.). Fromp(z,x) = p(x|z)p(z) the formula
results.

Joseph form
The Joseph form states the filter covariance update in

a numerical stable way. Given a prediction covariance
Pk|k−1, a measurement error covarianceRk, and a mea-
surement matrixHk at time tk, the filter covariancePk|k

can be calculated in the following way (see [2, (7.3.2-13)]):

Pk|k = (1x −Wk|k−1Hk)Pk|k−1(1x −Wk|k−1Hk)⊤

+ Wk|k−1RkW
⊤
k|k−1, (99)

where an arbitrary gain matrixWk|k−1 might be used.
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